We obtain systematic approximations to the states (energies and wave functions) of quantum rings (annular drums) of arbitrary shape by conformally mapping the annular domain to a simply connected domain. Extending the general results of Ref.
I. INTRODUCTION
This paper extends the general results obtained in a recent paper by one of us, ref. [1] , for simply connected drums and quantum billiards to domains with a hole, i.e. annular drums or quantum rings. Quantum rings are two dimensional regions of annular shape where an electron is confined and possibly subject to an external field (magnetic or electric); as for the simply connected case studied in ref. [1] , only few special cases may be solved exactly, such as for the circular annulus, where the solutions may be expressed in terms of Bessel functions of first and second kind. However, quantum rings of general shape, for which exact solutions are not known, present interesting physical behaviors, thus justifying the effort of finding analytical or numerical approximations.
For instance, it is known that the bendings of an infinite wire cause the appearance of bound states below the continuum threshold [3] and of localized states in quantum rings in correspondence of regions of maximum curvature [4] . In particular, Gridin and collaborators have formulated in Ref. [4] an asymptotic approximation to the modes of a quantum ring, based on the assumption that the ratio of the ring half-width to the radius of curvature is small. Their approach extends to ring like domain the classical Keller-Rubinow method [5, 6] In this paper we adopt a completely different strategy, which is both systematic and simple, and which can be used to obtain precise analytical and/or numerical approximations for the energies and eigenfunctions of a given quantum ring. The approach that we propose is * Electronic address:
paolo.amore@gmail.com (corresponding˙author) based on a generalization of the methods described in Ref. [1] and allows one to solve Helmholtz equation for the quantum ring of arbitrary shape by conformally mapping the ring to a simply connected domain. The results obtained in this way are very precise and prove to be useful even for the exactly solvable circular ring: in this case we have found an extremely precise formula for the energies of the rings, which avoids the use of Bessel functions and their zeroes.
It is important to underline that the method that we propose is systematic and that it can be applied to rings of arbitrary width and curvature.
The paper is organized as follows: in Section II we describe the numerical implementation of our method, using the Conformal Collocation Method of [1, 2] ; in Section III we discuss the extension of the analytical techniques of [1] to the case of annular domains; in Section IV we apply the methods, both analytical and numerical, to the solvable problem of a circular annulus and to the less tractable problem of a "Robnik's ring", i.e. a ring whose external border corresponds to the family of quantum billiards studied by Robnik in [7] and known as "Robnik's billiards". Finally in Section V we summarize our results and draw our conclusions.
II. CONFORMAL COLLOCATION METHOD
In this section we describe the application of the Conformal Collocation Method (CCM) of Ref. [1, 2] to the solution of Schrödinger equation in a quantum ring. Although this approach has been already described in detail in those papers, we briefly review it here to make the discussion self-contained and to highlight the modifications which are needed to implement the specific problem at hand. Our starting point is the homogeneous Helmholtz equation on a "ring-like" domain D, which can be conformally mapped to an inhomogeneous Helmholtz equation on a "simpler" domain Ω, which is assumed here to be a rectangle. Let w = f (z) where w = u + iv and z = x + iy ((u, v) ∈ D and (x, y) ∈ Ω).
As a result one is left to work with the inhomogeneous Helmholtz equation on Ω:
∆ψ(x, y) = Eψ(x, y) .
where Σ ≡ df dz
2 . An explicit example of conformal map with the desired properties is clearly the exponential map
which maps a rectangle of sides 2L x and 2π centered in the origin into an annulus of radiuses e −2Lx and 1 respectively. Fig. 1 displays the annulus obtained mapping a rectangle of sides L x = 2 and L y = 2π centered in the origin (clearly using a smaller L y one would obtain an arc instead of the full ring). Notice that the function of eq. (2) maps the horizontal sides into the horizontal segment which cuts the ring on the negative axis. This is clearly a different situation from those considered in Ref. [1] : as a matter of fact in this case the direct approach of Ref. [1] would describe an annulus with a straight cut on which Dirichlet boundary conditions are obeyed. Although this is also an interesting problem in itself, we want here to treat a ring with no cuts.
The solution to this problem is obtained by imposing periodic (Dirichlet) boundary conditions on the horizontal (vertical) sides of the rectangle. Under the conformal map of eq. (2) the rectangle is then mapped into an annulus fulfilling Dirichlet boundary conditions on the smaller and larger circles. To implement the new boundary conditions in the problem we thus need to introduce a proper set of Little Sinc Functions (LSF): this set corresponds to LSF 1 of Ref. [8] .
We report here the explicit form of the LSF 1 :
with k = −N/2, . . . , N/2. Notice that we use here a different convention for N with respect to Ref. [8] . These functions define the homogeneous grid x k = 2Lk N + 1 and satisfy the orthogonality relation
Notice that
is the grid spacing of the LSF 1 . The LSF 2 fulfilling Dirichlet boundary conditions may be cast in the form
with k = −N/2+1, . . . , N/2−1 1 . In this case these function define the homogeneous grid x k = 2Lk N and obey the orthogonality relation
Notice that h (II) ≡
2L
N is the grid spacing of the LSF 2 . For a given N (even integer) there are N + 1 (N − 1) LSF functions obeying periodic (Dirichlet) boundary conditions, each peaked (with value 1) at a point x k and vanishing at the remaining grid points x j , j = k.
A function f (x) obeying periodic bc may be interpolated using the s
Similarly we may derive twice this expression to obtain
where in the last line we have introduced the matrix
, which provides a representation for the second derivative operator on the grid. The case of Dirichlet bc has already been discussed in Ref. [1] , although it can be obtained straightforwardly repeating the same steps done here. To take into account the presence of different sets of LSF we modify the notation of Ref. [1] and call c (II2) kj the matrix elements of the second derivative obtained with Dirichlet bc. Notice that the latin indices k, j span different values in the two cases and that the grid points also differ in the two cases.
Omitting some trivial steps (see Ref.
[1] for more detail) we may now may easily discretize eqn. (1) using Dirichlet bc in the x direction and periodic bc in the y direction. A suitable "basis" for this discretization is obtained with the direct product of the LSF in each direction:
where it is understood that the latin indices span different ranges for the two LSF.
To obtain the matrix element of the operator on the grid we need to associate a single integer to any pair of indices which define an element of the two dimensional grid. We may write:
where → 0 + and [a] means integer part of a. In this way we are able to identify a point of the grid in terms of a single integer K, which takes values from 1 to N 2 − 1. Using these relations we may read off the matrix element ofÔ as
Although the procedure described above uses grid with the same N for the x and y direction, a more appropriate choice is to use meshes with the same grid size on each orthogonal direction, i.e. h (I) ≈ h (II) . In this way we may establish the relation between the number of grid points on each direction
We may easily understand the physics contained in this relation: for thin rings, L x L y , the number of grid points in the x-direction is much less than the number of grid points in the y-direction, since the excitation of trasverse modes requires much higher energy than the excitation of longitudinal modes.
In this case one can extend the previous relations for the grid to:
The implementation of these considerations allows us to represent the differential operator as a (
It is useful to summarize the differences with the results of Ref. [1] :
• The region Ω is a rectangle of sides 2L x and 2L y , where L y = π to allow a closed ring
• The operatorÔ is represented on the grid by a
• The collocation points, corresponding to the nodes of the LSF functions, differ for the x and y directions: on the x direction they are distributed following the zeroes of the LSF with Dirichlet boundary conditions, while on the y direction they are distributed following the zeroes of the LSF with periodic boundary conditions. Their numbers (N x and N y ) are also different, although the grid size is (approximately) the same.
Apart from these small differences, the remaining features of the collocation method are unchanged. In particular, the matrix representingÔ on the grid is obtained from the product of a diagonal matrix, representing 1/Σ on the grid, with a non-diagonal sparse matrix, representing the Laplacian with mixed bc on the grid. While the first matrix is specific to the problem considered and therefore it needs to be calculated each time that a different shape is chosen, the second matrix is universal and therefore it can be calculated and stored once and for all. As before the calculation of the diagonal matrix is not computationally demanding since it just requires the evaluation of the function 1/Σ at the (N x − 1)(N y + 1) points forming the grid.
We will illustrate later specific applications of the CCM.
III. ANALYTICAL METHODS
In this section we generalize the analytical approach of Ref. [1] to describe quantum rings. We may consider two different approaches: in the first one the quantum ring is obtained performing a conformal map of a rectangle centered in the origin (as described in the previous section); in the second one the quantum ring is obtained by applying a conformal map directly to a circular annulus.
While the formulas of Ref. [1] hold both cases, one needs to work with different orthonormal basis in the two cases.
In the first case where Ω is a rectangle of sides 2L x and 2π, the basis is obtained by the direct product of functions obeying Dirichlet and periodic boundary conditions, i.e.
for the Dirichlet bc and
for the periodic bc. Notice that n x,y = 1, 2, . . .. The basis on Ω may then be written as
where the value n y = 0 can only be reached for the states with s = 1.
In the second case, the wave function of a circular annulus with a < r < b is (see for example Ref. [9] )
where J m and Y m are Bessel functions of first and second kind and k is the n th root of the equation
The energies of the annulus are then given by
Although one may work equally well with each of the two basis, from the point of view of an analytical calculation the first one offers the advantage of simplicity, since it involves only elementary functions. We will therefore focus on this basis.
We consider the most general conformal transformation which maps the rectangle Ω onto a ring of arbitrary shape:
where η 0 = 1 and C > 0 is a constant factor, representing a dilation. The energies of the ring obtained using the mapping g(z) (E n ) are related to those of the ring obtained usingḡ(z) (Ē n ) by the simple relation
We may therefore work withḡ(z) and then simple rescale the energies obtained.
Notice also that with the choice C = 1 and η k>0 = 0 we obtain the map to the circular annulus considered earlier.
With simple algebra we obtain the conformal density
and σ(x, y) = Σ(x, y) − 1.
As discussed in Ref. [1] we need to calculate the matrix elements of σ between the states of Ω. We find: n x , n y , s|σ(x, y)|n x , n y , s = −δ nx,n x δ ny,n y δ ss
We have also introduced the definitions
and
Notice that the I (s) ny,n y ,k,j have been already defined in Ref. [1] ; the reader should also observe that there are no terms mixing states with different values of s and that I (1) ny,n y ,k,j = I (2) ny,n y ,k,j unless n y + n y = ±(k − j). We may understand the physical consequences of these properties by considering the approximate expression for the energy:
where
are the "unperturbed" energies (i.e. the energy on the rectangle Ω).
This expression has been derived in Ref. [1] resumming specific terms in the perturbative expansion corresponding to a geometric series: it has later been applied in Ref. [10] to obtain a Weyl-like law for inhomogeneous drums.
With simple algebra we obtain
where the terms depending explicitly on s will be responsible of the breaking of the degeneration of levels.
IV. APPLICATIONS
We will now consider few applications of the numerical and analytical techniques developed here and in Ref. [1] to quantum rings of different shape.
A. Circular annulus
Our first application is to the calculation of the energies and wave functions of the circular annulus using the basis of the rectangle.
We may use eq. (25) and obtain an explicit formula for the energies of a circular annulus:
where a = e −2Lx is the inner radius of the ring. Notice that the states corresponding to n y = 0 are nondegenerate, whereas the states corresponding to n y > 0 are doubly degenerate: in other words the basis that we are using reproduces the exact pattern of degeneration of the circular annulus.
In Fig. 2 we compare the exact numerical results obtained solving eq. (18) (solid curve) with the results obtained using the analytical formula (28) (dashed curve) for the first 2000 states. The dotted line corresponds to the numerical results obtained using the CCM with a grid with N x = 14 and N y = 400 (remember that the ratio N x /(N y + 1) should approximately be L x /L y ). Finally the dot-dashed line are the results obtained using Weyls'law supplemented by Weyl's conjecture
where A and L are area and perimeter of the ring respectively (Dirichlet boundary conditions are chosen). Amazingly the first three curves are practically indistinguishable. In Fig. 3 we display the the error of the analytical formula, which is about 0.1 % for all the states considered.
We may also obtain precise results for the ground state of the ring using a variational approach. Following Ref. [1] we pick a trial state
where |k ≡ |k x , k y are eigenstates of the rectangle with mixed bc. Using the inverse operatorÔ −1 we may generate a new state
which has a larger overlap with the true ground state of the system. The expectation value ofÔ in this state is
By minimizing E
0 with respect to the coefficients c (0) k one can now find precise estimates for the ground state energy. Let us now pick a specific trial state. We will work in the limit of a annulus with (b − a) 1, which corresponds to using L x 1. We use the trial state We need to calculate the matrix elements To improve this formula for states with smaller inner radius we may form a variational trial state with a superposition of wave functions in the x direction:
Therefore we may write the matrix elements:
, m x = l x 16π 2 e −4Lx Lxlxmx(e 4Lx −(−1)
Notice that in this case n =
In Table I we report the ground state energy of the annulus calculated using the variational principle, i.e using the variational formula (38) together with eq. (40), with different numbers of variational parameters. The case N = 1 corresponds to the simple analytical formula (28), which is seen to work very well for larger values of a. It is easy to understand why more and more terms are needed as a gets smaller and smaller: since L gets larger, the conformal map strongly deforms the radial coordinate in the annulus. Looking at Fig. 1 , which corresponds to a = 1/e 2 , we observe that the radial grid spacing is finer for smaller values of r. Therefore one needs more terms in eq. (38) to obtain good estimates of the energy. Notice that this argument also holds for the Conformal Collocation Method, since also the collocation points are also distributed non-uniformly in the radial direction, as the central hole is made smaller. 40), with different numbers of variational parameters (N − 1 is the number of variational parameters) .
Notice that in this case
In Fig. 4 we have plotted the exact energy of the ground state of the annulus as a function of the inner radius a and we have compared it with the different approximations considered earlier. The simple analytical formula of eq. (28) is seen to work quite well for thin annuli, while the most accurate variational calculation of Table I is seen to reproduce the exact results even for very small inner radiuses. We also report the CCM results corresponding to a grid with N = 50.
B. Robnik's rings
We consider the conformal map
which maps the rectangle of sides 2L x and 2π into a deformed ring, which for α = 0 has the shape of a circular ring and for α = 1/2 has the shape of a cardiod ring. We have called the family of these annular billiards "Robnik's rings", in analogy with the simply connected billiards known as "Robnik's billiards" having the same external contour [7] . In this case we have:
Notice that in this case the width of the ring is not uniform: we call r ∓ the smallest and largest width of the ring respectively, which read
Their average is insensitive to α:
Notice also that 1 −r = e −2Lx = a (in this case a is the average inner radius of the quantum ring).
Using the general results obtained earlier we may write the analytical formula:
This formula reduces to eq. (28) for α = 0. In Fig.6 we display the energies of the first 2000 states of an annulus obtained conformally mapping a rectangle of sides 2L x = 1/5 and 2L y = 2π with the map f (z) = z + αz 2 using α = 1/10. The solid line represents the precise numerical values obtained using CCM with a grid with N x = 14 and N y = 400; the dashed line corresponds to the results of the analytical formula of eq. (46); finally, the dotted line corresponds to Weyl's formula eq. (29). In Fig. 6 we display a detail of the previous figure, for highly excited states around n = 2000.
Looking at the figure we see that our analytical formula describes more accurately than Weyl's equation, eq. (29), the low lying part of the spectrum, although the latter describes better the high part of the spectrum. We also notice that the analytical formula displays a behaviour already observed for the circular annulus: around specific n, corresponding to the opening of a new trasversal mode, the curve displays a small change of slope. While this behaviour is correct for the circular annulus, where it is indeed observed, neither the numerical results nor (of course) Weyl's expression display such a behaviour. However we may easily understand the origin of it: the analytical formula eq. (46) is obtained using a resummation of the terms in the Rayleigh-Schrödinger series which contains only the expectation values of the conformal density in a given state. For the circular annulus, this approximation is quite good because there is no mixing between transversal and longitudinal modes as a result of the rotational symmetry of the domain: this is reflected in the amazing accuracy of the analytical formula in this case. For a general annulus, the domain is not invariant under rotation and transverse and longitudinal modes actually mix. Already to second order in perturbation theory, there are terms which allow this mixing, although these are not present in the resummed formula.
As a check of the quality of the numerical results obtained with the CCM we have applied a method devised by Berry, ref. [11] , which allows one to extract the geometrical feature of a domain from a limited sequence of eigenvalues, using improved eigenvalues sums. For the area, for example, one obtains a family of approximating functions whose first few elements read [11] A 0 (t) = 4πt
A 2 (t) = 4πt
A 3 (t) = 4πt
Analogous expressions are given in Ref. [11] for the length and constant terms in the asymptotic expasion of the function counting the number of states up to a given energy [12] n
The constant C should vanish for domains with one hole. In figs.8,9 and 10 we have displayed the approximants for the area, perimeter and for the constant term built using the first 2000 numerical eigenvalues obtained with the CCM with a grid 14 × 400. The horizontal lines are the exact values.
To estimate the optimal value of t where the approximant should be evaluated we minimize the sum of the squares of the derivatives of each approximant. For example, for the area we minimize the quantity
2 (we leave out A 0 (t) because it is clearly less precise). For the length and constant terms we use the approximants displayed in the figures.
As shown in Table II annulus with a truly amazing precision. Notice that the exact values of the area and perimeter are obtained directly using the conformal density:
where Ω is the rectangle of sides 2L x = 1/5 and 2L y = 2π and ∂Ω is the border of Ω where Dirichlet bc are obeyed 3 . As we did before, we may also resort to a variational calculation and use the trial state: that only the first term contributes, due to the rotational invariance of the ground state; this limit corresponds to the simple formula (25), which was seen to work remarkably well for thin circular rings.
In the present case we do not expect that the lowest order formula work well even for thin rings, due to the varying width of the ring, which favors the breaking of the rotational invariance.
We may apply this variational calculation to the Robnik annulus that we have considered before, which corresponds to α = 1/10 and L x = 1/10, shown in Fig. 5 . In 
In Fig. 11 we show the variational estimates for the ground state energy of this ring obtained using a varying number of variational parameters N var (the case N var = 0 corresponds to the simple analytical formula (25)); the horizontal line is the precise value obtained with the Conformal Collocation method with a grid with N = 100. As anticipated, the eq. (25) in this case provides a poor approximation to the exact energy, leading to a substantial overestimation of it. On the other hand, the inclusion of few longitudinal modes leads to quite drastic improvement, which can be already appreciated for N var = 2. We should point out that, even letting N var ⇒ ∞ (assuming that we can perform the calculation), we do not expect that the variational energy converge to the exact energy: the reason of this is that the variational ansatz that we are using includes only longitudinal modes (in the y direction) while completely neglecting the trasversal ones (in the x direction). For thin rings, the latter are less important, and therefore we are able to obtain good (but not arbitrarily good) approximations; for thick rings, on the other hand, only the inclusion of both modes will lead to acceptable approximations.
Finally in Fig. 12 we have plotted the wave function of the ground state of this annulus: as anticipated, this wave function is not invariant under arbitrary rotations and it is peaked in the region where the ring is wider, as expected. The wave function is multiplied by a factor 10 to better appreciate the localization in the region where the width of the annulus is larger.
V. CONCLUSIONS
In this paper we have extended the powerful techniques of Ref. [1, 10] to the study of quantum rings; working on specific examples we have obtained both numerical and analytical results of remarkable precision. In fact our approach provides a systematic tool for the study of the spectrum of quantum rings of arbitrary shape, not relying on specific assumptions concerning the shape or the width of the ring. Clearly, the problem of finding the particular conformal map which sends the rectangle to a specific ring may be attacked numerically, when the explicit expression is unknown [13, 14] .
The results that we obtain in the paper maybe roughly classified into:
• numerical results obtained using the Conformal Collocation Method (CCM) for a large number of levels (≈ 2000) ; the accuracy of these results has been verified using Berry's approximants to estimate the geometrical features of the rings with a selected number of levels, calculated numerically;
• variational estimates for the ground state of a quantum ring;
• explicit analytical formulas for the whole spectrum of a quantum ring; the relation of these formulas with Weyl's law is also obtained in light of the results of Ref. [10] ; We believe that the importance of our methods thus relies in the possibility of describing with precision both the low and high end of the spectrum of a quantum ring and on the possibility of improving this precision in a simple and sistematic fashion. To the best of our knowledge there are no other approaches in the literature which share these features.
Finally, we wish to mention that the approach that we have described here can be applied directly also to annular drums of variable density (for simply connected drums this has been done in Ref. [10] ).
